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Abstract-A new generalized transformation based upon the well-known Riccati equation is pre- 
sented and applied to find exact solutions of the (2 + 1)-d’ rmensional dispersive long wave equation. 
Many explicit exact solutions are obtained that include new solitary and periodic wave solutions, and 
combined formal solitary and periodic wave solutions. The variant Boussinesq equation, as a special 
case of the (2 + 1)-dimensional dispersive long wave equation, is also solved. These exact solutions 
are obtained computationally using the Wu elimination method with the aid of Mathematics to solve 
the large system of algebraic equations produced by the solution ansatz. @ 2003 Elsevier Ltd. All 
rights reserved. 
Keywords-p + l)-dimensional dispersive long wave equation, Variant Boussinesq equation, Ric- 
cati equation, Solitary wave solution, Periodic wave solution. 
1. INTRODUCTION 
It is well known that the general solutions of nonlinear evolution equations are very difficult to 
find. Searching for special explicit exact solutions, such as solitary wave solutions and periodic 
wave solutions, of nonlinear evolution equations in mathematical physics plays an important 
role in soliton theory [l-12]. Many powerful methods have been developed such as the Backlund 
transformation, the Darboux transformation, the Cole-Hopf transformation, the tanh method, the 
sine-cosine method, the Painleve method, the homogeneous balance method, and the similarity 
reduction method [l-l 11. 
Recently, we extended the sine-cosine method [5] w ic h h was applied to a single equation to the 
case of a system of equations and applied it to find new solitary wave solutions for the variant 
Boussinesq [8] equations. The main idea of the sine-cosine method is as follows. 
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For a given system of nonlinear evolution equations, say, in two variables CC, t, 
F( U,~,ut,vt,ux,vx,Uxt,2’xt,‘1Ltt,vtt,Uxx,vxx,... ) =o, 
G(u,v,ut,vt,um vxrUxt,‘Uxt,Utt,vtt,Uxx,vxx,... ) =o, 
(14 
(lb) 
we seek traveling wave solutions of the form 
UC? t) = u(E), 46 t) = v(t), E = 2 + At + c,. (2) 
where X and c are constants to be determined. Therefore, system (1) reduces to a system of 
nonlinear ordinary differential .equations 
F. (u, v, u’, v’ , u”, v”, . . . ) = 0, (34 
Go(u,v,u’,v’,u”,v” ,... )=O. P) 
We assume that system (3) has the solutions 
u(6) = gcoswi-l (C)[A sin43 + & co491 + Ao, (44 
i=l 
v(E) = ~cos3-‘(~)[ajsinw(E) + bjcosw(<)] +a~, 
j=l 
(4b) 
and the new variable w = w(t) satisfies 
dw 
w’ = z = sinw. (5) 
An alternative approach put forward by Ma et al. [lo] is based on the Fticcati equation. The 
main idea is to seek solutions to a given nonlinear ordinary differential equation, for example, 
4 U,U’,U”,u”‘)...) =o using the transformation 
u(E) = f: a,wj + ao, (6) 
j=l 
where w = w(c) satisfies 
Both methods have disadvantages; the former only yields solitary wave solutions, while only a 
few exact solutions of the nonlinear evolution equations are found by the latter approach. Based 
on considering the two conditions and in order to overcome their disadvantages, we present a new 
generalized approach that combines both methods and apply it to solve many nonlinear evolution 
equations. 
2. SUMMARY OF OUR METHOD 
Our method is summarized as follows. 
For system (3) that corresponds to the equations of (1) under transformation (2), we seek 
solutions of (3) of the form 
u(E) = 2,i-l (8 [AN(E) + hh (1 + dawn)] + Ao, 
i=l 
v(6) = -gwi-l (0 [w4E) + bixh Cl+ PEWS)] + ao, 
i=l 
(8t-J) 
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where w = w(c) satisfies 
w’ - R (1 + pzw2) = $ - R (1 + p2w2) = 0. (9) 
Here pj = kl, m and n are integers to be determined, and Ai, Bi, aj, bj, and R are constants 
to be determined. 
When Bi = 0 and bj = 0 in (Sa) and (8b), (8) b ecomes (6). Making the transformation 
w(E) = -cos(e(()) d h an c oosing R = ~2 = -1, we obtain the ansatz in (4). Thus, the proposed 
ansatz includes both the sin and the Riccati methods as special cases and we expect to find many 
new exact solutions of system (3) using the more general ansatz (8). 
The solution procedure is as follows. 
STEP 1. Determine the value of m and n for (8) by balancing the highest order derivative term 
and the nonlinear term in (3). 
STEP 2. Using a symbolic computation software package such as Mathematics, substitute (8) 
along with the condition (9) into (3). 
STEP 3. Collect all terms with the same power in ~~(~i+~i~sw~)j/~ and equate their coefficients 
to zero to get an overdetermined system of nonlinear equations in the unknowns X, R, Ao, ao, 
Ai, Bi, aj, and bj. 
STEP 4. Apply the Wu elimination method [11,13] to solve the equations obtained in Step 3. As 
before, this step may require the aid of symbolic computation. 
STEP 5. Insert solutions of (9) into the expansion obtained above. It is well known that the 
general solutions of (9) are as follows. 
(1) 112 = -1, 
I l, 
for B = 0, 
w = w(E) = A + Bexp(-2RE) = I 
zh[Ht--aIn(g ~~~,~‘O, (IO) 
A - B exp(-2RQ 
[ coth[&-iln(-$)I, forAB<O, 
where A, B are arbitrary constants satisfying A2 + B2 # 0. This solution may be obtained 
by three tricks: a Mobius transformation, a Cole-Hopf transformation, or the relation 
cwl -w2)(w3 -w4) =C=cOnSt 
(wl-w3)@2 -u4) 
of the solutions Wi, 1 5 i 5 4, beginning with three known solutions 1, -1, and tanh(&). 
(2) P2 = 1, 
w = w(t) = 
{ 
tan(RJ + to), 
- cot(ry + too). 
(11) 
The (2 + 1)-dimensional dispersive long wave equations [6,12] read 
uyt + Hz, + f (u2),, = 0, (124 
Ht + ‘LL, + (Hu), + u,zy = 0. (12b) 
The variable u = ~(2, y,t) represents the horizontal velocity of the water and H = H(s, y,t) 
is the deviation height from the equilibrium position of the liquid. If y = Z, H = v - 1, then 
system (12) reduces to the variant Boussinesq equation [1,7,8] 
ut + uu, + wz = 0, (134 
wt + (wu)z + u,,, = 0. Wb) 
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Many solutions of (12) have been found [6,12]. Recently, we applied the above method to find 
20 families of exact solutions of WBK equation [12] and the (1 + 1)-dimensional combined KdV- 
mKdV equation [14]. In this paper, we extend the above-mentioned method to higher-dimensional 
case, i.e., (2 + 1)-d’ imensional dispersive long wave equations (12) such that more new exact 
solutions of (12) are obtained. 
3. SOLITARY WAVE SOLUTIONS 
AND PERIODIC WAVE SOLUTIONS 
As described above, we make the following formal traveling wave transformation: 
‘1L(T YT t) = u(t), H(z, Y, t> = H(J), E=z+ky+Xt+c, (14) 
where X and k are constants to be determined later and c is an arbitrary constant. Substitut- 
ing (14) into system (12) yields the system of ODES 
kh” + H” + fk (u2)” = 0, (154 
XH’ + u’ + (Hu)’ + ku”’ = 0, W) 
where “ ’ ” denotes -$. Balancing the highest order terms in (15), we can assume that (15) has 
the solutions of the form 
u = Ao + AIW + BI& (1 + ,w2), 
H = ao + alw + bl& (1 + p2w2) + a2w2 + bzw& (1 + p2w2), 
(164 
W) 
where Ao, Al, Bi, as, al, uz, bl, b2 are constants to be determined later. If we directly sub- 
stitute (16) into (15) with (9), then we can obtain a set of overdetermined algebraic equations 
for the unknown coefficients which is larger and contains 16 nonlinear algebraic equations that 
may be difficult to solve. By considering the properties of (15), we can reduce system (15) into 
a nonlinear ordinary differential equation by a transformation. 
Integrating (15a) and setting the integration constant to zero, we have 
H’ = -kXu’ - km’. 
Integrating (15a) and setting the integration constant to zero, we get 
H = cl - kXu - ;ku2, 
(174 
(17b) 
where cl is an integration constant. 
Substituting (17a) and (17b) into (15b) yields 
ku”’ - ;ku2u’ - 3kXuu’ + (-kX2 + 1 + ci) U’ = 0. (18) 
According to the above-mentioned method, we can suppose that (18) has a solution of the form 
‘1~ = Ao + AIW + Bl ,ul (I+ ,u2w2). (19) 
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Inserting this expression into (18) and collecting the corresponding terms, we obtain a set of 
overdetermined algebraic equations for the unknown coefficients 
: 
const : (qtl-kX2) Al--3kXAoA1-ik (A~A1+plA1Bf)+2p2kA1R2 =O, (20a) 
W: -3kX (A;+p+2B;) -;k (2AoA:+2p1p2AcJ?;) =O, (20b) 
4zGzJ: p2 (-kX2+l+cl) BI 
-;k (~~A;BI+~I~LzB;+~A~BI)-~~~A~BI+~~B~R~ =O, (20~) 
4GV-GGT 
w2 : 
w21/iTGGj: 
w3 : 
-3kXA1B1-3kAoA1B1 =O, (20d) 
p2 (-kA2+l+cl) A1-3kXp2Ad1 
<k (p2A~A1+4p1p2A1Bf+A~)+8kA1R2 =O, (20e) 
-6kXp2A1B1-6p2AoA1B1 =O, (200 
-3kX (p2A:+/hBf) -3k (pzAoA;+plAoB;) =O, (20g) 
w3xhzGiq: + (/&+3p2A:B1) +6pzkB1R2 =O, (20h) 
w4 : ;k (pzAf+3plA1Bf)+6,u2kA1R2 =O. (20i) 
Using the Wu elimination method [11,13] and Mathematics, we get the following families of 
solutions. 
CASE 1. p1 = p2 = -1, B1 = 0, 
cl = -;kX2 + 2kR2 - 1, 
CASE 2. p1 = 1, = -1, Al = 0, i = fl, p2 
cl = -;kX’ - kR2 - 1, 
CASE 3. p1 = -1, = -1, Al = 0, p2 
cl = -;kX2 - kR2 - 1, 
CASE 4. p1 = p2 = 1, B1 = 0, 
cl = -;kX2 - 2kR2 - 1, 
CASE 5. pl = p2 = 1, Al = 0, 
cl = -;kA2 + kR2 - 1, 
CASE 6. pl = 1, p2 = -1, 7 = H, i = &i: 
A,, = -X, 
A0 = -X, 
A0 .= -X, 
A,, = -X, 
A0 = -X, 
Al = f2R. 
B1 = f2iR. 
B1 = zt2R. 
A1 = rtz2R. 
B1 = f2R. 
cl = -;kA’ + ;kR2 - 1, A0 = -X, Al = &R, B1 = iqA1. 
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CASE 7. p1 = 1-1~ = -1,~ = 3~1, 
cl = -;kX2 + ;kR2 - 1, A0 = -X, AI = fR, B1 = vA1. 
CASE 8. p1 = p2 = 1, n = fl, 
cl = -;kA2 - ;kR2 - 1, A,, = -X, AI = fR; B1 = vA1. 
Using these values and the corresponding solutions w(E), we obtain 12 families of exact traveling 
wave solutions for the (2 + 1)-dimensional dispersive long wave equations (12). These families 
include solitary wave solutions, periodic wave solutions, and new traveling wave solutions. 
TYPE 1. If cl = kX - (3/2)kA2 + 2kR2 - 1, we get the solitary wave solutions 
ul(x, t) = f2R tanh 
[ 
R(z + ky + Xt + c) - i In ( )I $ - X, (2% 
Hl(z, t) = 2kR2 sech2 
[ 
R(x + ky + At + c) - i In ( )I $ - 1, AB>O, @lb) 
and singular solitary wave solution 
uz(z,t) = f2Rcoth 
[ 
R(z + ky + Xt + c) - i In ( 11 --i - X, (224 
H~(z, t) = -2kR2 csch2 
[ 
R(z + ky + Xt + c) - f In ( >I -$ - 1, AB<O, P2b) 
where R, k, X, c, A, and B are arbitrary constants. It is easily seen that solutions (21a) and (21b) 
were obtained by Wang [6], and (21a)-(22b) were found recently by us [15]. 
TYPE 2. When cl = -(1/2)kX2 - kR2 - 1, we obtain new bell-shaped solitary wave solutions 
[ 
A 
q,(x,t)=f2iRsech R(z+ky+Xt+c)-iln B -X, ( )I (23a) 
I&(x, t) = 2kR2 sech2 
[ 
A 
R(z+ky+Xt+c)-iln E 
( I 
-kR2-1. Wb) 
As before, R, X, c, A, and B are arbitrary constants, and AB > 0. This family of solutions 
appears to be new. 
TYPE 3. When cl = -(1/2)kX2 - kR2 - 1, the singular solitary wave solutions of system (12)‘. 
are 
~4(z,t)=&2Rcsch R(z+ky+Xt+c)-iln -$ -X, 
[ ( >I 
(244 
H&, t) = 2kR2 csch2 
[ 
R(z+ky+Xt+c)-iln -$ ( )I - kR2 - 1, (24b) 
with R, X, c, A, B arbitrary constants, and AB < 0. 
TYPE 4. When cl = -(1/2)kX2 - kR2 - 1, the two types of periodic wave solutions of system (12) 
are 
2~s(z, t) = f2Rtan[R(a: + ky + Xt + c) + EC,] - X, 
Hs(z, t) = -2kR2 sec2[R(z + ky + Xt + c) + &] - 1, 
(25a) 
(25b) 
u&, t) = f2Rcot[R(z + ky + Xt + c) + &,I - X, 
&(z, t) = -2kR2 csc2[R(z + ky + Xt + c) + &,I - 1, 
(264 
Wb) 
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where R, A, c, [c are arbitrary constants. 
TYPE 5. When cr = -(1/2)kX2 + kR2 - 1, another two types of periodic wave solutions of 
system (12) are 
u,(x, t) = &2Rsec[R(a: + ky + Xt + c) + to] - X, 
H~(z, t) = -2kR2 sec2[R(z + ky + Xt + c) + to] + kR2 - 1, 
(274 
(27b) 
zls(z,t) = &2Rcot[R(z + ky + Xt + c) + co] - X, 
I&(x, t) = -2kR2 csc2[R(z + ky + Xt + c) + Eo] + kR2 - 1, 
(284 
(28b) 
where R, A, c, to are arbitrary constants. 
TYPE 6. When cl = -(1/2)kX2 + (1/2)kR2 - 1, we get a new family of solitary wave solutions 
of system (12)) 
- A, (294 
f iqkR2 sech R(z + ky + Xt + c) 
- ~ln($)]tanh[,(~+ky+ht+c)-aln(g)] -1, (29b) 
where R, A, c, A, B are arbitrary constants, and AB > 0, i = &f. 
TYPE 7. When cl = -(1/2)kX2 + (1/2)kR2 - 1, we get a new family of singular solitary wave 
solutions of system (12), 
(304 
R(x + ky + Xt + c) 
- iln(-$)]coth[n(r+ky+ht+c)-iin( -1, Fob) 
where R, A, c, A, B are arbitrary constants, and AB < 0. 
TYPE 8. When q = -(l/2)kX2-(l/2)kR2-1, we get two new families of periodic wave solutions 
of system (12), 
urr(z, t) = *R{tan[R(z + ky + Xt + c) +&I + qsec[R(z + ky + Xt + C) +&I]} - A, (314 
Hll(z, t) = -kR 2 sec2[R(a: + ky + At + c) + [c] F qkR2 tan[R(a: + ky + At + c) + to] 
x sec[R(z + ky + Xt + c) + Eo] - 1, 
@lb) 
~~~(2, t) = *R{cot[R(z + ky + Xt + c) + &,I + vcsc[R(z + ky + Xt + c) + Co]} - A, (324 
H12(s, t) = -kR2 csc2[R(z + ky + Xt + c) + EC,] F qkR2 cot[R(a: + ky + Xt + c) + Eo] 
x csc[R(z + ky + Xt + c) + Co] - 1, 
(32b) 
where R, A, c, &, are arbitrary constants. 
We have thus obtained 12 types of explicit exact traveling wave solutions of system (12) using 
our new ansatz. These solutions contain both known solutions and new types of solitary and 
periodic wave solutions. 
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4. APPLICATIONS 
It is seen that when y = Z, H = v - 1, then system (12) reduces to the variant Boussinesq 
equation ‘(13). Using the transformation 
‘1L = u(E), 21 = 4<), CfJ + Xt + c, (33) 
where X is a constant to be determined later and c is an arbitrary constant, and substituting (33) 
into system (13) yields the system of ODES 
AU + v’ + uu’ = 0, (344 
xv + (wu)’ + u”’ = 0, W) 
where “ ’ ” denotes 6. 
Integrating (34a) and setting the integration constant to zero, we have 
1 
v = c2 - Au - p2, (35) 
where cz is an integration constant. 
Substituting (35) into (34b) yields 
U 
t,, - ;u2ur - sxuu + (-A” + c2) u’ = 0. 
Comparing (36) with (16), we know that when k = 1, cl = c2 - 1, (18) just becomes (36). 
Therefore, we can obtain the solutions of (13) according to the above-mentioned solutions of (12), 
~(2, t) = f2R tanh 
WI(X, t) = 2R2 sech’ 
- A, 
, AB>O, 
uz(2, t) = f2Rcoth 
ug(z, t) = f2iRsech 
u~(z, t) = f2Rcsch 
~(2, t) = f2Rtan[R(z + At + c) + lo] - A, 
WS(E, t) = -2kR2sec2[R(a: + Xt + c) + 61, 
u&z, t) = f2Rcot[R(z + At + c) + &,I - X, 
v&, t) = -2R2 csc’[R(z + Xt + c) + &,I, 
w(z, t) = f2Rsec[R(z + Xt + c) + to] - X, 
w7(2, t) = -2R2 sec’[R(z + Xt + c) + &,I + R2, 
u&, t) = f2Rcot[R(z + Xt + c) + Q] - X, 
(384 
AB<O, (38b) 
(394 
AB>O, (39b) 
(4% 
AB<O, (4Ob) 
(414 
(4lb) 
(424 
(42b) 
(4% 
(43b) 
(444 
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WE+, t) = -2R2 csc2[R(z + Xt + c) + to] + R2, 
1371 
(44b) 
-A (454 
W&T, t) = R2 sech2 R(z + Xt + c) - i In k ivR2 sech R(CC + Xt + c) 
- ~ln(~)]tanh[R(i+ht+c)-iln($)l, AB>O, (45b) 
(464 
W~~(CJT, t) = -R2 csch2 R(x + Xt + c) - f In f r/R2 csch R(CC + Xt + c) 
- iln(-t)]coth[,(x+ht+c)-iln(-$)I, AB<O, (46b) 
U~I(Z, t) = fR{tan[R(z + At + c) + [o] + vsec[R(a: + Xt + c) + to]} - X, 
w~~(z, t) = -R2 sec2[R(z + At + c) + EC,] F qR2 tan[R(z + At + c) + to] 
x sec[R(s + Xt + c) + to], 
u&, t) = fR{cot[R(z + At + c) + to] + rl csc[R(a: + Xt + c) + to]} - X, 
v12(z, t) = -R2 csc2[R(z + Xt + c) + to] F qR2 cot[R(a: + At + c) + Eo] 
x csc[R(a: + Xt + c) + to]. 
(474 
(47b) 
(484 
(48b) 
We know that the solution (2~1, ~1) was obtained by Wang [7] and the solutions (~1, VI), (us, US), 
and (~9, u9) were obtained by us by using the sine-cosine method. But other solutions were not 
found. 
5. CONCLUSIONS 
In summary, based on the well-known Riccati equation, we derived many types of exact solu- 
tions of the (2 + 1)-d imensional dispersive long wave equation by a generalized transformation. 
In addition, we also obtained many corresponding solitary and periodic wave solutions for the 
variant Boussinesq equation, as a special case of the (2 + 1)-dimensional dispersive long wave 
equation. This method described here can easily be extended to other nonlinear partial differen- 
tial equations. With the aid of symbolic computation and the Wu elimination method, solving 
nonlinear partial differential equations can be carried out on a computer. This method puts 
forward a more general way to solve nonlinear partial differential equations. 
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